The ever increasing necessity to improve torque density while simultaneously maintaining high efficiency is a constant point of concern for electrical machine designers. This is mainly driven by the need for direct-drive solutions in evermore applications. This paper presents a general mesh-free description of the magnetic field distribution in multiple air-gap electromagnetic machines, although the tool is also useful for single air-gap machines, actuators, and other magnetic devices. The used method is based on transfer relations and Fourier theory, which can provide the magnetic field solution for a wide class of 2-D boundary value problems. This technique is in this paper applied to the rotary multiple air-gap machine with slotless (without slots but with and without rotor back-iron) armature. The presented analysis is compared to finite-element analysis for the multiple-layer winding, which shows the applicability of this method for future optimization. It is shown that multiple air-gap machines make better use of the volume and for short axial lengths where a single-side bearing configuration can be utilized provides a means to improve the achievable torque density.
Influence of Multiple Air Gaps on the Performance of Electrical Machines
With (Semi) Halbach Magnetization
I. INTRODUCTION

I
NCREASING the torque density of electrical machines while simultaneously maintaining high efficiency is a constant point of concern for electrical machine designers, especially since an increasing number of applications are considering direct-drive machines at relatively low angular velocities [1] , [2] . This paper concerns with the influence of multiple air gaps on the total electrical machines force density using a semianalytical technique based on Fourier analysis and separation of variables.
Many interesting solutions are being sought after to improve the torque density of electrical machines. In general are electrical machines, especially in applications that demand low speeds while maintaining relatively high efficiency, coupled with a gearbox, which can be either a planetary gearbox or a more exotic magnetic gearbox. Designers have integrated two components, either with or without mutual use of material to increase the overall system torque efficiency. Obviously, integrating with mutual use of flux guiding material does minimize the required volumetric demands and ensure a high material use in electrical machines.
Alternatively, designers have sought after electrical machines with multiple air gaps to improve the torque density [3] . These machines are more complicated to construct compared to their single air-gap counterparts, since the rotor is rotating around a stationary stator which implies that quite difficult tribology is required. However, this can be solved by supporting both the rotor and stator from a single side [4] . This is also utilized in axial-field machines and when the axial length of the machine is maintained to be short this provides for a feasible solution. Further, this allows for numerous air gaps to be utilized, and therefore, this paper will present the 2-D analysis of multiple air-gap machines as opposed to single air gap, as shown in Fig. 1 . 
II. MULTIPLE AIR-GAP ELECTRICAL MACHINE
Briefly, the multiple air-gap machine is constructed so that multiple machines are nested inside one another. The outer rotor part has semi-Halbach magnet structure (with or without backiron) at the outside surface of the outer air gap with the main flux directed inward/outward, as shown in Fig. 1 . The inner rotor parts have magnets that direct the flux outward/inward; their number depends on the number of winding layers. The most inner surface of the rotor part has again a semi-Halbach magnet structure with or without back-iron. Each winding layer consists of three-phase connected concentrated coils, which could also be replaced by any other coil arrangement, e.g., distributed, torroidal [4] , and wound coils. In this topology, the outer (inwards directed) magnets drive flux across the multiple air gaps to the inside surface of the rotor; the flux then travels circumferentially to the next pole, back across the multiple air gaps to the outside surface of the rotor. The torque has been calculated using the Maxwell stress tensor in the middle of each air gap (one layer winding-two air gaps, two layer winding-four air gaps, etc). The outcome of each winding layer (two air gaps) proves to be comparable to single air-gap electrical machines (slotted). Since the working surfaces of the stator (windings) are both used, in comparison with conventional machines, the structure of these multiple air-gap machines allows the exploitation of a higher 0018-9464/$26.00 © 2011 IEEE percentage of the stator winding used for the production of machine torque. As such shear stress values exceeding the 47.5 kPa (forced air cooling), in generally considered for brushless permanent magnet cored forced cooled electrical machines, can be achieved with the presented slotless multiple air-gap machine as discussed in Section VI.
III. ANALYTICAL APPROACH
Several analytical, semianalytical, and numerical techniques exist in the literature to model electrical machines [5] . In general, each type of problem will have its own optimal modeling technique, since ultimate accuracy is not always required and a low computational time could be more useful especially when trying to optimize electromagnetic devices. A large class of the mentioned methods, such as magnetic equivalent circuits, SchwarzChristoffel conformal mapping [6] , finite-element modeling [7] , and boundary element modeling [8] require geometrical discretization prior to the calculation of the electromagnetic field distribution; hence, only solutions at the predefined points can be obtained. In ironless structures, without concentrated magnetic fields, or machines with a small single or multiple air gaps and a large outer size, these methods become even more problematic due to the necessity of a high mesh density and/or size.
The analytical method used in this paper calculates the electromagnetic fields using transfer relations and Fourier analysis. The direct solution of the magnetostatic Maxwell equations is used in the polar coordinate system [6] , as shown in Fig. 2 . This analysis technique is utilized and extended to be able to deal with multiple air-gap electrical machines. The disadvantage of this method is that no irregular iron shapes can be considered and that the magnet should have a simple geometric shape and magnetization direction (suitable for multiple air-gap machine as shown in Fig. 1 ). The one to three layer winding analytical solutions are compared with 2-D finite-element analysis (Cedrat FLUX2D [7] ) as shown in Section VI.
IV. MODEL FORMULATION
To obtain a semianalytical field solution, the following assumptions have to be made:
1) the problem can be represented by a 2-D model;
2) the soft-and hard-magnetic materials are linear; 3) the soft-magnetic material (iron) is infinite permeable; 4) the materials are homogeneous; 5) the source terms are invariant within one region. All electromagnetic devices have a 3-D geometry; however, since only 2-D problems can be considered, the geometry should be invariant with one of the three dimensions, or its dependence should be negligible. In this analysis, this is valid, since the 3-D effects due to the finite axial length are often small or negligible. It needs noting that in concentrated coil machines, the end inductance can be a significant part of the complete inductance and hence should be estimated by measurements or 3-D finite-element analysis. The analytical solution assumes linear, isotropic, and homogenous permeability of all materials. As such, permanent magnets are modeled with a linear magnetization curve in the second quadrant with a remanent flux density and a relative recoil permeability. The relative permeability of the soft-magnetic material is assumed to be infinite. This is assumption is accurate for slotless machines with or without rotor back-iron, since the flux density levels in the back-iron are kept below 1.4 T. The source regions, magnets or current carrying coils, are invariant in the normal direction described by multiple regions [9] .
V. SEMIANALYTICAL SOLUTION
In order to solve the magnetostatic field distribution, the magnetic flux density can be written in terms of the magnetic vector potential as (1) The definition of the magnetization vector as employed by Zhu [14] will be used wherein (2) with the magnetic susceptibility and the residual magnetization. This definition of the magnetization vector gives the constitutive relation in the form of (3) where is the relative permeability of the considered region. This reduces the magnetostatic Maxwell equations to a Poisson equation for every region , given by (4) with and the current density in the considered region. A 2-D boundary value problem is considered in the polar coordinate system; hence, the magnetization vector only has components in the radial and angular direction and the current density vector has only a component in the axial direction, . Therefore, the magnetic vector potential has only a component in the axial direction which is dependent on the radial and angular direction. The Poisson equation for every region is given by (5) Fig. 3 . Comparison of the modulus of the flux density in the outer air gap between semianalytical tool and finite-element analysis.
TABLE I GEOMETRICAL DIMENSIONS
The magnetic flux density distribution can be obtained from the solution of the magnetic vector potential by means of (1), and the magnetic field strength is obtained from the flux density distribution by means of the constitutive relation (3). Following, between every region, the normal flux density and angular magnetic field strength are set continuous. This leads to a set of equations in terms of the unknown coefficients of the field solution which are solved by matrix inversion. Consequently, the torques are calculated using Maxwell stress for the various air gaps.
In order to validate the analytical modeling, the flux density waveforms in the outer air gap are compared between the analytical and finite-element analysis for both the single and triple layer winding (see Fig. 3 ) with the dimensions as summarized in Table I . This shows that a good agreement is apparent between the analytical model and finite-element analysis.
VI. AIR-GAP SHEAR STRESS
For fixed speed and load applications, the merits of competing machine technologies can be reasonably quantified and compared, thereby facilitating a well-informed selection of the most appropriate machine technology. However, for variable-speed, variable duty cycle applications, for which the machine operational specification may not be as tightly defined, the selection of the most appropriate machine technology may seem to be more arbitrary, or even may be influenced by personal/industry preference. Nevertheless, an informed choice needs to be made and justified. For fixed rotor geometry, the relative merits of competing brushless PM machine, either ac or dc, technologies can be assessed from their respective output coefficient, typical examples of which are presented in Table II for forced-air ventilated machines, as reported by West [10] . While the values pre- [10] Estimated using authors design experience.
sented in Table II are indicative of machine designs for both industrial and prototype variable-speed drives, they facilitate a reasonable comparison of competing machine technologies for electric vehicle traction drives and give some insight into the design constraints of each technology.
In machine design, magnetic and electric loadings are inextricably linked, e.g., while the maximum permissible flux density in the iron core of a machine has increased only slightly over the last 50 years, the tolerable electrical loading has effectively doubled over that period. This is mainly due to the change from organic insulating materials, which were suitable for maximum winding operating temperatures of only around 105 , to higher temperature synthetic insulation materials now capable of continuous operation of up to 220 . This has permitted either an increase in electric loading or a reduction in the coil size providing a larger air gap diameter. However, current technology is only progressing at a relatively slow rate; therefore, machine designers are investigation how to improve the torque density with, for example, multiple air-gap machines.
VII. MULTIPLE AIR-GAP MACHINE ANALYSIS
The multiple winding layer radial-flux machine can possess a variety of topologies based on different structure of windings, slots, and magnet arrangements. If in-line magnetized magnets are used, the machines can be designated as shown in Fig. 2 , in which Halbach-North-North-Halbach (H-N-N-H) type magnet polarity arrangement is used. If both the inside, inner, and outer magnets are polarized in the same direction, the magnet flux will travel radially directly from inner rotor to outer or the reverse. For this case, as shown in Fig. 1 , there is only little flux traveling along the circumference of the stator core. The stator core could also be slotted and the magnets do not have to be surface mounted. As an electrical machine, multiple air-gap machines have some specific features caused by their unique mechanical configuration: rotor-armature-rotor-armature-rotor-armature-rotor (for the three winding layer motor) structure and six air gaps. Since the output torque is proportional to the air-gap surface area for the constant electrical and magnetic loadings, the first most straight forward observation coming from the increasing number of air gaps is that the torque density will be substantially boosted. This implies that for the same surface force density caused by the same surface current and air-gap flux density, the torque produced in various air gaps is larger than that of the conventional PM machine. For the topologies with concentrated windings, the torque producing winding surfaces are mostly used, since the end winding is short. This results in an improved machine efficiency. In total, six models have been investigated with one, two, or three winding layers. The dimensions are fixed to provide the first-order air-gap shear stress analysis, although design experience has been incorporated by chosen a suitable Halbach array ratio. The various dimensions are summarized in Table I . Fig. 4 shows the torque versus electrical angle of the rotor, where clearly an increase in total torque on the rotor is visible.
As a reference, the shear stress is taken in the middle of the outer air gap, where the single layer with back-iron constitutes to 35 kPa instead of 47.5 kPa as estimated for the brushless ac machine with an rms current density of 5 . However, for the double and triple layers, this has increased to 49.4 and 56.5 kPa, respectively. The corresponding various average torques on the rotor are summarized in Table III for the dimensions and material characteristics as summarized in Table I .
It is well known that, as the machine temperature increases, the copper resistance as well as the copper losses increases, while the magnet residual flux density and the output torque decrease. Therefore, a further thermal analysis is essential to illustrate how the heat due to the copper losses inside multiple air-gap machines can be most effectively removed. This is essential, since fixing the current density does increase the overall winding copper losses. However, in this type of moving coil machines, most heat is transferred through the air gap; hence, more air gaps result in more capacity to remove the heat from the machine. One could calculate the temperature rise by considering a fixed convection coefficient along the winding surface. However, the various surface speeds of the air gaps are different, and therefore, a more complex thermal model is necessary to estimate the various temperatures. In addition, the connection portion between inner and outer rotors can be well designed as a cooling fan to provide the even better cooling condition to further improve the current density and torque density. Therefore, a thermal analysis is considered to be a subject for future research.
VIII. CONCLUSION
In summary, the multiple air-gap machine works like multiple conventional machines in series. For one winding layer, one torque producing air gap is inside and the other is outside the winding layer. This is further extended with multiple winding layers. In a single layer, both air gaps experience the same armature current. Their back EMFs are in series and may vary, depending on the air-gap flux densities. The outer and inner rotor parts are connected together by one end disc, which can also work as a cooling fan. An analytical tool was developed and verified with finite-element analysis. The results have shown that the equivalent shear stress calculated in the outer air gap has increased compared to the brushless ac machine as mentioned in Table II , 56.5 kPa instead of 47.5 kPa. In this, the outer air-gap surface area has been taken as reference, where the average shear stress could also be taken which would be higher than the presented 16%. Therefore, although this machine is not fully optimized, this paper has illustrated the potential of multiple air-gap machines and future research will be dedicated to the magnetic and thermal optimization of these machines, which finally will be validated by measurements.
